Abstract: We consider dynamical resp. quasistatic thermoelastic contact problems in R n modeling the evolution of temperature and displacement in an elastic body that may come into contact with a rigid foundation. The existence of solutions to these dynamical resp. quasistatic nonlinear problems and the exponential stability are investigated using a penalty method. Interior smoothing e ects in the quasistatic case are also disussed.
Introduction
We consider dynamical resp. quasistatic thermoelastic contact problems which model the evolution of temperature and displacement in an elastic body that may come into contact with a rigid foundation. If R n (n 2) denotes the reference con guration, we assume that the smooth boundary @ consists of three mutually disjoint parts ? D ; ? N ; ? C such that @ = ? D ? N ? c , and ? D 6 = ;. The body is held xed on ? D , tractions are zero on ? N , and ? c is the part which may have contact with a rigid foundation. The temperature is held xed on @ . Then the dynamical initial boundary value problem for the displacement u = u(t; x) and the temperature di erence = (t; x), where t 0 and x 2 , to be considered is the following: %@ 2 t u i ? (C ijkl u k;l ) ;j + (m ij ) ;j = 0; i = 1; : : :; n; (1.1) %c@ t ? (k ij ;i ) ;j + m ij @ t u i;j = 0; Here % and c denote the density and the heat capacity, respectively, and are assumed in the sequel to be equal to one without loss of generality. C ijkl , m ij and k ij denote the components of the elasticity tensor, those of the thermal expansion tensor and those of the heat conduction tensor, respectively, and will satisfy C ijkl 2 L 1 ( ); C ijkl = C jikl = C klij ; (1.6) 9 1 > 0 8 ij = ji C ijkl ij kl 1 j j 2 ; (1.7) m ij 2 W 1;1 ( ); m ij = m ji 0; (1.8) k ij 2 W 1;1 ( ); k ij = k ji ; (1.9) 9 2 > 0 k ij i j 2 j j 2 :
(1.10)
The comma notation ;j denotes the di erentiation @ j @=@x j with respect to x j as well as a subindex t will denote the di erentiation @ t @=@ t . The initial values u 0 ; u 1 and 0 are prescribed with regularity to be made more precise in the nal formulation of the system. The stress tensor is given by = ( ij ) ij = C ijkl u k;l ? m ij :
Since on the boundary = 0 we have there ij = C ijkl u k;l :
The unit normal vector in x 2 @ is denoted by = (x) and the normal component of u by u : u = u :
The normal component of the stress tensor is given by = ij i j and the tangential part T is T = ? :
The function g describes the initial gap between the part ? c of the reference con guration and the rigid foundation and is assumed to satisfy g 2 H 1=2 (? c ); g 0 a.e. on ? c : (1.11) Hence the boundary conditions (1.5) describe Signorini's contact condition on ? c for a frictionless ( T = 0) contact.
The corresponding quasistatic system arises from (1.1){(1.5) by omitting @ 2 t u i in (1.1) and prescribing only 0 in (1.3).
These thermoelastic contact problems, being nonlinear because of the contact boundary conditions (1.5), arise in applications such as the manufacturing of castings and pistons, see the paper of Shi & Shillor 13] for more details and references. The mathematical treatment of the dynamical problem (1.1){(1.5) in one space dimension was discussed in a paper of Elliott & Tang 5] , where more complicated boundary conditions are considered. Existence results in higher dimensions were announced by Figueiredo & Trabucho in 6] . They considered the case of constant contact which allows them to use only variational methods to solve the problem; this does not apply to the situation of the contact condition of Signorini's type considered here.
We shall investigate the existence in n 1 space dimensions for radially symmetrical situations following the approach of Kim 9] who discussed an obstacle problem for a wave equation. Using a penalty method, we obtain an existence result, and we also prove the exponential stability, which was proved for a special one-dimensional system by Muñoz Rivera & Lacerda Oliveira 11] . As a motivation for the stability results to be expected and as a tool to be used later, we also discuss the linear quasistatic system for classical boundary conditions like u j @ = 0; j @ = 0; proving existence, exponential stability and smoothing. For the quastistatic system, Shi & Shillor 13] proved the existence of a solution, while Ames & Payne 2] proved a uniqueness result, see also these papers for references on the one-dimensional case, where a series of papers has appeared in the last years. We shall give a new existence proof using a penalty method. This will also allow us to make conclusions on the exponential stability of the system. Finally, we shall prove that the quasistatic system has a smoothing e ect in the interior of , where u and are shown to be arbitrarily smooth, an e ect which cannot be expected up to the boundary because of the mixed and contact boundary conditions. We remark that we have assumed exterior forces and exterior heat supply to be zero only for simplicity. The paper is organized as follows: In section 2 we prove an existence and exponential stability result for the dynamical system(1.1){(1.5) in the case of radial symmetry using a penalty method. Section 3 studies the linear quasistatic system with classical Dirichlet or Neumann type boundary conditions proving existence, uniqueness and exponential stability. In section 4 the quasistatic contact problem is investigated, and we obtain an existence result and exponential stability using a penalty method. Finally, section 5 will provide the interior smoothing e ect for the quasistatic contact problem. Concerning the notation we remark that we use standard notations for Sobolev spaces and also the Einstein summation convention for repeated indices. h ; i denotes the norm in (L 2 ( )) n ; k k the corresponding norm.
2 Existence for the dynamical contact problem A dynamical thermoelastic contact problem was investigated by Elliott & Tang 5] in one space dimension following the approach of Kim 9] who used a penalty method for the treatment of an obstacle problem for a wave equation. We also adopt this approach. The system character of our problem arising in multi-dimensional elasticity naturally leads to further problems in the estimates that have to be overcome by additional considerations compared to the two papers above. We shall discuss the case of radial symmetry. We look for a solution to (1.1){ (1.5) spaces; moreover we write u(T) instead of u(T; ), and so on.
As a justi cation for the de nition of a solution we remark that a smooth classical solution to 4 (1.1){(1.5) obviously satis es (2.5) and also (2.4), because multiplication of (1.1) by u ? w and partial integration yields that the left-hand side of (2.4) equals 5) is also satis ed. The existence of a solution will be proved for the radial symmetrical case by using a penalty method. For this purpose we consider the following approximating problem for a parameter " > 0. This will be solved | in general, without restriction to radial symmetry, | and then a priori estimates are proved that will show the convergence, as " # 0, of a subsequence to a solution of (1.1){(1.5). The penalized problem is the following, rst in classical notation. For given u " 0 ; u " 1 2 (H 2 ( )) n \(H 1 0 ( )) n , " u " (t = 0) = u " 0 ; u " t (t = 0) = u " 1 ; " (t = 0) = " 0 ; (2.8) u " j? D = 0; " ij jj? N = 0; " j@ = 0; (2.9) " = ? 1 " (u " ? g) + ? "@ t u " ; " T = 0; on ? c ; (2.10) where " = (u " ) is the stress tensor corresponding to u " , and f + denotes the positive part of f. Let u " (t = 0) = u " 0 ; u " t (t = 0) = u " 1 ; " (t = 0) = " 0 ; (2.12) and for all p 2 N and for a. 
Next, the boundedness of @ 2 t v m in L 2 (L 2 ) will be proved. The estimate will be uniform only in m 2 N, not in " > 0 (cf. (2.26)). 
Using ( Of course, for the existence of radially symmetrical solutions to the penalized, and later for the original, problem, the coe cients have to satisfy invariance conditions, too. As an example we consider the homogeneous, isotropic case, where, in particular, We also notice that in this case j@ = div u + 2 u i;k i k ;
and it is easy to see that the boundary conditions (2.9),(2.10) allow for radially symmetrical solutions, i.e. if the initial data are radially symmetrical, then the solution according to Theorem 2.3 will have the same symmetry; namely, if (u; ) is the solution, then also (v; ) with v(x) := A ?1 u(Ax); (x) := (Ax) will be a solution to the same initial data and boundary conditions for any (special) orthogonal A. Hence, by uniqueness, (u; ) = (v; ). Proof of Theorem 2.4: Let " > 0 and let u " 0 ; u " 1 
(2.52) Let (u " ; " ) be the solution to (2.6){(2.10) according to Theorem 2.3, and corresponding to the initial values (u " 0 ; u " 1 ; " 0 ). By the known regularity of (u " ; " ) we can substitute w p by @ t u " in (2.13), and z p by " in (2.14), respectively, and we obtain (cf. (2.25)) 
The estimates (2.55){(2.59) imply the existence of a subsequence, again denoted by (u " ; " ), and of (u; ) such that, as " # 0,
Using Lemma 1.4 from 9] again, we conclude
The equations (2.13), (2.14) imply for (u " ; " ) and summation over i = 1; : : :; n, and observe
The di erential equations (2.6), (2.7) for (u " ; " ) are satis ed in the distributional sense. Since
and (2.69) imply
13 from which we conclude interior regularity in the following sense: Remark: The H 2 -regularity up to @ cannot be expected because of the mixed boundary conditions for u " .
Let as above, S := @ , and let h 2 (C 1 ( )) n such that h(x) = (x) = exterior normal in x 2 S ;
Writing (u; ) instead of (u " ; " ) for simplicity, we multiply the rst di erential equation (2.6) by h k u i;k and integrate. Observe 20 By our choice of the initial data, the right hand side of the above inequality is bounded, which proves the Theorem.
Q.e.d.
Using the lower semicontinuity of norms, when " ! 0 we nally obtain that the energy associated to the original contact problem also decays exponentially, that is we have proved ? (C ijkl u k;l ) ;j + (m ij ) ;j = 0; i = 1; : : :; n; Here, we discuss the general case of a bounded C 2 -reference con guration in any space dimension, allowing the medium to be anisotropic and non-homogeneous (see below for weakening the C 2 -assumption on the boundary). We consider Dirichlet boundary conditions for the displacement vector and for the temperature, but it will be pointed out at the end of this section how other boundary conditions can be dealt with. In passing, we note that the questions in 14] concerning well-posedness are answered. The analyticity of solutions is not touched in the general situation.
The well-posedness of the problem will be obtained, i.e. the unique existence of a solution and the continuous dependence on the data is proved. Moreover, the exponential decay to equilibrium is obtained as a by-product.
All coe cients are assumed to be smooth functions, e.g. C 1 ( ) should be an appropriate regularity class for Theorem 3.1.(i)). In the homogeneous case all coe cients would be independent of x, in the speci c homogeneous and isotropic case the equations (3.1), (3. The higher derivatives decay to zero exponentially, i.e. 
The latter equality follows from elliptic regularity theory. E is an elliptic, self- 23 By (3.9) we obtain the complete unique solution (u; ) of the original problem in the class described in (3.7), (3.8) , yielding the decay of u too, which will prove Theorem 3. with initial condition given by (3.3). We apply the spectral theorem for self-adjoint operators (or semigroup theory) and obtain a unique solution satisfying (3.15) where c p ist the Poincar e constant and k is the norm of G in L 2 ( ), which implies that A is positive. The inverse A ?1 is compact, because A ?1 = ?(@ j k ij @ i ) ?1 G with compact (@ j k ij @ i ) ?1 and continuous G. Therefore, the spectrum of A is its discrete spectrum, a subset of (0; (ii) is a consequence of (i) and the elliptic regularity of @ j k ij @ i . 
throughout the text, i.e. in this case the boundary of may be arbitrary. The Dirichlet (u)-Dirichlet ( ) boundary conditions (3.4) have been chosen for simplicity of the presentation, other boundary conditions such as Neumann-Neumann, Neumann-Dirichlet or Dirichlet-Neumann can be dealt with similarly, for example Neumann-Neumann, ij j =@ = 0; j k ij i =@ = 0; There are nontrivial solutions in the null space of the corresponding elasticity operator E (cf. 10], 12]), as well as in the null space of the corresponding realization of @ j k ij @ i (consisting of the constant functions). In order to carry over the arguments from the proof of Theorem 3.1, one concentrates on initial values 0 from the orthogonal complement of the constant functions, i.e. on initial values with mean value R 0 zero. Observe that Mr lies in the orthogonal complement of the null space of E, and that a Poincar e inequality holds. We do not go into further details and end up with the remark that has to satisfy the restricted cone property (cf. 12], 10]).
As the proof of Theorem 3.1 shows, it would be possible to deal with exterior forces and exterior heat supply, i.e. with non-zero right-hand sides f and g in (3.1) and (3.2), respectively.
Quasistatic contact problems | existence and stability
The quasistatic contact problem arises from the full dynamical problem (1.1){( We shall prove an existence result using a penalty method, which will also allow us to prove the exponential stability. The condition (4.6) will also be required.
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De A solution will be obtained by studying an associated penalized problem for the parameter " > 0, then proving a priori estimates and nally letting " tend to zero. The advantage will be that nally the exponential stability can be proved. The penalized problem to be solved rst is given as follows:
? (C ijkl u " k;l ) ;j + (m ij " ) ;j = 0; i = 1; : : :; n; A solution of this penalized problem, for xed " > 0, will be obtained by a xed point argument. From (4.43) and (4.44), we conclude the validity of (4.11).
Finally, we want to describe the exponential stability. Corollary 4.9 9 1 ; 2 > 0 8t 0 8" > 0 : E(u " ; " )(t) 1 k 0 k 2 e 2 t: Now let (u; ) be the solution to the quasistatic problem obtained from (u " ; " ) " as " # 0 (Theorem 4.5). Let the "energy" of (u; ) be de ned by E(t) := Z C ijkl u k;l u i;j + j t j 2 + k ij ;i ;j dx: (4.62) Then the exponential stability is expressed in the next theorem. Proof: Corollary 4.8 and the weak lower semi-continuity of the norm yield the proof.
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5 Smoothing in the interior for the quasistatic contact problem
The linear, quasistatic problem with Dirichlet boundary conditions has smoothing properties like those known for the solutions to heat equations, in particular, the solution (u; )(t; x) is in nitely smooth in t and x as soon as t > 0, no matter how smooth the initial data is (cf. the remarks in section 3). This behavior cannot be expected in general for the quasistatic contact problem because of the mixed boundary conditions for u. We shall prove that the solution (u; )
to the quasistatic thermoelastic contact problem (4.1){(4.5) is in nitely smooth with respect to x in the interior of , if t > 0. Naturally, we assume in this section that all coe cients are C 1 -smooth. We also assume that (u; ) is a solution to (1.1){(1.5) as given in the previous section. Let ' The regularity of R and Q given in (5.16) as well as the mapping properties of the operator E 
